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Abstract-This is a continuation of “Searchlight on a Target with Diffuse Background I.” In 
Part I, the main result is the recovery of the true target reflection from the measured reflection 
which consists of background light and multi-scattering between the atmospheric layer and the earth 
surface. The analyses were done on a continuous space using integral operators. In the present paper, 
the analysis is done on a discrete space with computation in mind. We also obtain new results which 
were not fully discussed in Part I. 
The searchlight on a target with diffuse background was discussed in our previous paper, Part I 
( see [l] and the references therein). The mathematical model was based on three-dimensional 
radiative transfer. The analysis used the abstract integral operators and the principle of invariant 
imbedding [2,3]. 
1. INTRODUCTION 
In the present paper, the analysis is done on a finite dimensional discrete space for computa- 
tional reasons. As in our previous paper, we assume that the searchlight intensity dominates other 
light sources in a given frequency band. The atmosphere layer is a plane-parallel atmospheric 
medium with anisotropic scattering [3] and is bounded below by a reflective search surface and a 
target. 
For reflection matrix in free space, we developed a sequence of solutions by solving a system 
of linear equations. Such solutions converge uniformly to the solutions of the discrete Chan- 
drasekhar’s equation. The approximations for recovering the true target reflection from the total 
reflection are obtained also in discrete space. 
2. THE DISCRETE MODEL (IN FREE SPACE) 
The searchlight problem is constructed in (2, y, Z) Cartesian coordinates where z is the geo- 
metrical thickness of the atmospheric layer measured from the surface of the earth. A point 
P = (GY) de no es a position in the horizontal plane. Let the direction M = (&:u, d), where t 
u # 0 is the cosine of the polar angle 8 and 4 is the azimuth angle. As in standard radiative 
transfer analysis, u is positive for upward direction and negative for downward. 
As in our previous paper, we assume that the state equation or equation of transfer governing 
the nonclassical component of the total intensity, 
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is given by the directional derivative with respect to z, 
211 = M . II, (2.1) 
where 
MzM(z,p,Q) = ’ 
+(Q) . (2.2) 
The first part of M is the specular part and the second is the diffuse part. We used standard 
notation; 6 is the Dirac function, Q: = o(z) is the volume attenuation, and y** = r**(z) are 
related to phase functions. They are functions of z for the plane-parallel case. In our previous 
paper, the right-hand side of equation (2.1) denotes the integral operation. For our present 
discrete analyses, it denotes the matrix multiplication. For this purpose, let R be partitioned 
to u= (w,~2,.,.,%z), 4 = (h,42,..*,4n)r and R, denotes (ui,4j). Therefore I is an n x n 
matrix with ij entry I, = I(z,p, z!+). And, likewise, y** are also n x n matrices. Matrix 
Y ** is determined by the phase function of scattering. They depend on the difference of input 
angle Qo and output angle R, and not necessarily on the abstract values of those angles. Of 
course, 6 is a diagonal matrix in this representation. 
The n x n reflection matti~ p(z) = p(z; 0,0c), independent of p = (z, y) in a free space, is the 
mapping of 
with initial condition 
p(z) I(z - no) = I(z, +R), 0 
p(z = 0) = 0, 
<z<h (2.3) 
and the I’s are uniform in p. Upon taking the differentiation of equation (2.3) with respect to z, 
after some mathematical manipulation, we obtain the matrix Cauchy system for the reflection 
2 + w(z) p(z) + p(2) . wT(z) = y+- + &y++ 1 .p+&.y--+- -+ 16n2P’Y .f--J, (2.4) 
where the vector v = (k, &, . . , &), and wT is the transpose of V. Equation (2.4) is basically a 
discrete version of Chandrasekhar’s equation because we assumed that the layer is plane-parallel 
and that there is no ground reflection K = 0. 
3. THE SEARCHLIGHT 
In the searchlight problem, the intensity source consists of radiation at the top of the at- 
mospheric layer from the searchlight and from the background light. The searchlight is designed 
to operate at a narrow spectrum, say 2.1 to 2.3 or 3.7 to 4.0 microns for maximum transmission 
[4], while the background light is due to lights from space with a wide range of frequency spec- 
trum. Within a narrow band of a frequency, the searchlight operates at a much higher intensity 
than that of background light. Equation (2.4) should be used for all parameters at those narrow 
bands, since most intensities beyond these narrow bands are absorbed in the atmosphere. 
At the top of atmosphere z = h, the incident intensity is 
Ii = I, + Ib, 
where I, is the radiation from the searchlight with flux S per unit solid angle in the direction Q, 
and concentrated in a small area Nc = dxdy containing a point pc. The background radiation, 
4, is assumed uniform with intensity of flux B per unit solid angle in the direction 026. Therefore 
we have 
I, = S6(dx)cT(dy)S(R - 0,) (3.1) 
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and 
Ib = B6(fl - !&). 
The observed reflected intensity at the top of the atmospheric layer is represented by 
(3.2) 
I(h,p, +fl) = R(K) . Ii, (3.3) 
where R(K) is a linear operator. 
For convenience, we assume fit, with 4 = 0, i.e., the searchlight is in a vertical downward 
direction. Our results can be extended to the case C#J # 0. Let us assume that the reflected 
intensity at the top of the atmosphere layer due to the searchlight spotted on a target 
I&,x4 +fl) = 
I&, Y) (X:,Y) (5 N B No, 
o 
elsewhere. 
(3.4) 
To put it in the notation used in our previous paper, we understood 
It(Y,P, +a) = R(Kt) . Ii, (3.5) 
and likewise, 
I,(z,p, +n) = R(K,) . Ii. (3.6) 
As stated in our previous paper, R’s are linear on Ii but they are not linear in the argument 
K’s. We cannot expect that 
R(K) = R(Kt) + R(K,) 
where K = Kt + Kg. K is the total reflection which consists of the ground and the target 
reflection at the top of the atmospheric layer. While R(Kt) and R(K,) are the reflections at the 
top of the atmosphere due to, respectively, Kt and Kg only, the multi-scattering is between the 
atmospheric layer and the ground. 
The searchlight problem is to obtain KJi from the measured intensity I(h,p, +R), see (3.3), 
since K& is the true target reflection and I(h,p, +R) is the measured reflection at the top of 
the atmosphere. The most convenient method is to measure radiation intensity at normal to the 
surface of the atmosphere in practice. However, in theory this is not necessary. By equation (4.3) 
of our previous paper [l], 
K~=(E+WT-)-~~V+K,, (3.7) 
where E is the identity operator and 
w = ?[R(K) - P]7-1. (3.8) 
For first order of scattering approximation and the assumption that Kg is weak, equation (3.8) 
is reduced to 
K,(l) 2 [R(K) - R(K,)]exp [ilhOrdz] 6(n+fo)-1. 
Let operators (3.8) act on Ii, then 
(3.9) 
K,(l) . Ii G [I(h,p, +R) - R(K,)] exp z 1’od.z. 
Likewise, the second order of scattering approximation is 
KC2) . Ii G {[l(h,p, +fl) - R(K,)] . [E + rKg]-i}exp f lhadr. t 
(3.10) 
(3.11) 
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In case the measurement is taken in the vertical direction, then I$ = 0 or R = 0 and I(h, p, 52) 
and R(K,) are merely vertical vectors at the top of the atmospheric layer since R(K,) is uniform 
in (z, y) and R(Kt) has support in some large neighborhood N of No. Let N be partitioned 
by N,,,, n,m = 1,2,. . . , k. Then I~(h,p, +SZ = 0) denotes values of I(h,p, +a = 0) at Nij. 
Hence, I(h,p, fS1 = 0) is represented by a Ic x k matrix 1+ obtained from measurements. R(K,) 
is uniform in (z, y) at z = h. R(K,) now is a k x k matrix R(K,) with entries all equal to 
R(K, at R = 0). Likewise, Kg and r are k x k matrices since Kg is assumed known for the 
second approximation. In the remaining section, we shall evaluate R(K,) and r, in particular, 
their values at R = 0. For outside of N, KtIa = 0. 
4. COMPUTE IX(&) AND r 
It can be shown that R(K,) also satisfies equation (2.4) and is independent of (2, y) with initial 
value 
WK,) = Kg atz=O (4-I) 
under our assumption, see [l] for details. In fact, equation (3.5) of [l] states that, when K is 
replaced by Kg, 
R(K,) -p = fKg[E+rK, f...+ (TK~)~ + ...I?, (4.2) 
as we recall p is a solution of (2.4) with zero initial value. The operators f and ? are given by 
equation (3.6) and (3.7) of [l], as follows: 
i=exp( -tJlnhad2)6(n+n,)+t(h,n,Ro) 
i=exp( -~~hadL)6(n+Ro)+r(h,n,n,). 
(4.3) 
In both equations, the first term is the specular part and the second is the diffuse part. It is well 
known that t and 7 satisfy the pair of linear equations involving p with identity as initial values. 
Therefore, either in the continuous case or in the discrete case, they can be easily computed. 
The operator r also satisfies a linear equation of the form 
dr 
- = ?pf 
dz 
with zero initial value. Therefore, 
s 
h 
r(h) = ~(~)P(~)~(~) dl. (4.4) 
0 
Therefore, no further discussion is needed. 
The remaining section is devoted to a discussion of p as a solution of nonlinear equation (2.4). 
Operators i, 7 and r can easily be represented by k x k matrices at z = h. 
In equation (2.4), we denote that the matrices 
Y ++ - -y-- and y+- = Y-+ (4.5) 
by the reciprocity principle [3]. Th en, for convenience in the following analysis, let 
R(K,) 5 R (4.6) 
for the remainder of the section only. For the case where the matrices y** are positive definite 
and equation (4.5) holds, we used the method developed by Wang [5] with some modifications. 
Equation (2.4) reduced to 
ai 
-=P+iiQii 
dz (4.7) 
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where Q > 0, R with initial value Kg. Equation (4.7) still involves a nonlinear term RQfi. We 
shall use a sequence of matrix linear equations to solve for IV, which converges uniformly to ii. 
Let W, = Wn(z), 0 5 z 5 h, be the solution of 
awn 
- = P - W,_IQW,_~ + W,QW,_, + W,_,QW, aZ (4.8) 
and 
Wn(O) = KS/ 
for n = 1,2,. . . By the uniqueness of (4.8) and a comparison theory, we obtain 
R(h) 2 Wn(h) > wn-l(h). (4.9) 
It can easily be shown that 
/Cm W,(h) = R(h). (4.10) 
R(K,) can be recovered from R, see [5] for details. R(K,) depends only on z and uniformity in 
p(z, y). In particular, we obtain R(K,) at IR = 0. R(K,) can be represented by a k x k matrix in 
N and uniform outside of N. Finally, we have the matrix solution for the searchlight problem. 
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